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1 Accretion equations

See reviews: Yuan-Narayan 2014 [I], Abramowicz-Fragile 2013 [2], Lasota 2015 [3], NDAF review
Angular velocity €2 = vg/r, Keplerian angular velocity: Q%{ = GM/r3, vg = Qgr. | =
r2Q) = rv is the specific angular momentum. If rigid rotation, ! o 2, if Keplerian, | = vVGMr,

constant angular momentum | = constant implies Q oc 772

Pressure P = c2p, surface density
¥ = _Jrél pdz ~ 2pH. Consider that only p varies with z. The only stress tensor component is

Tr¢ = —VpPOr4, With v the viscosity and the shear 0,4 = r@rfﬂ

Or(rvp) =0 (1.1)
wOu— (% — Q%) = —L0,P (12)
p
1

v, (r’Q) = ;&n (upr38TQ) (1.3)

1 GMz
;@P =3 (1.4)
dre— L o) = vpr® (8,9) = 1.5
pv re_? rP —Vpr(r)—q,—q+—q,, ()

with ¢, = vpr? (8TQ)2 the heating via viscous dissipation and g_ the cooling processes. Writing
the left hand side of the above equation as ¢.q, = pvT0,s = pv (87«6 — p% rp), the advective
cooling rate, we can write the above equation as

Qadv = 4+ — ¢— = [q4 (1.6)

f = Quav/q+ = 1—(q—/q+) measures the relative importance of advection. Out of the total heat
energy ¢4+ released by viscous dissipation per unit volume per unit time, a fraction f is advected
and the rest (1 — f) is radiated.

One can write P oc p?, P = c2p and e = ¢2/(y — 1).

Eq. [I.J] can be integrated as

M = —27%rv (1.7)

LOther components of the stress tensor ca be present, but vanishes after averaging the fluid equations over z and
¢, see Gordon Ogilvie lectures.



Optically thick (7 > 1) | Optically thin (7 < 1)
Radiative dominated (¢ = ¢—) SSD SLE
Advective dominated (guqv = q+) Slim disk ADAF

Table 1: Accretion scenarios

Solving Eq. for P = c2p, we get

D o
p=poexp| —=5=2 (1.8)
()

We thus identify H ~ ¢5/Qk.
Employing Eq. we can integrate Eq. as

Yo, (r’Q) = Ta (vEr®0,Q) = —%729 =uvSr?9,.0+ K (1.9)

with K a constant, related with the angular momentum at some radius jg. The above equation
can be written as

M (1“29 —jo) = —27vEri0,Q (1.10)
Shakura-Sunyaev viscosity prescription:
2

Ok

Try = —VpOry = —P, v = acsH ~ (1.11)
or %a instead of a.
Radiative efficiency:
L
M2
When M is very low, the gas density p is also low and the radiative cooling rate g_ (which
decreases rapidly with decreasing p) becomes negligibly small. The viscous heating rate is then
balanced primarily by energy advection rather than cooling, and f ~ 1. Increasing M, there is a
moment at MADAF when f = 0. Thus, ADAF works for lower M. Between MADAF and MLHAF7

gc + q+ = q—, with g, the compression cooling, and f < 1.
Also

€= (1.12)

1 P
Qado = = faXcs(r0,Q)% ~ fa—(rd,Q)? (1.13)
2 Ok

Optical depth:
T=YXHk (1.14)

with x the opacity coefficient. Large X implies optically thick mediums. Optically thick means
that photons thermalize and the emitted spectrum is black body. Otherwise, it is dominated by
other non-thermal processes, such as synchrotron.



2 Overview of accretion scenarios

Cold flows (temperature lower than the virial temperature), optically thick:

SSD, or Thin disk: geometrically thin (H < ), optically thick, Keplerianly rotating @ = Qp,
viscous heating is balanced by the radiative cooling, ¢ = ¢— (f = 0). Applies to X-
ray binaries and bright AGNs. Sub-Eddington rates, luminosity efficiency of approximately
€~ 10%.

Slim disk: geometrically slim (but no thin) (H < r), optically thick. Super-Eddington rates.
Most of the photons are carried by the accretion flow and finally fall into the BH: the main
cooling mechanism is advection rather than radiation. Advection dominated due to long
radiative diffusion time, unlike ADAF, which is advection dominated due to long cooling
time. Therefore, it does not radiates photons efficiently, € < 0.1. f = 1.

NDAF: mostly same than slim disk, but neutrino cooling dominates

Thick disk (polish doughnouts): H > r, high accretion rate. Is it NDAF? Radiatively
inefficient, ¢ < 0.1. Only gravity and advection, does not present radiation nor viscosity.
Simplest accretion disk. f not defined, I think. [ constant at the center, Keplerian at the
outer parts.

Hot flows (temperature close to the virial temperature), optically thin:

SLE (Shapiro et al 1976): hot accretion flow, optically thin, two temperatures. But thermally
unstable, so is unlikely to be realized in nature. ¢+ = ¢ (f = 0).

ADAF: geometrically thick (H ~ r), optically thin. Extremely high temperature. The main
cooling mechanism is also advection rather than radiation. ¢ < 0.1. Viscously dissipates
accreted energy, which goes into heating. It applies e.g. to Sgr A*. f = 1.

LHAF (luminous hot accretion flow): an extension of an ADAF to accretion rates above the
original range of validity of the ADAF solution, leading to high efficiencies and luminosities,
e~0.1. f<O.

Hot accretion flows should have strong outflows and jets. Two variants of ADAF: adiabatic
inflow-outflow solution (ADIOS) and convection-dominated accretion flow (CDAF'), which empha-
size the roles of two distinct physical phenomena in hot accretion flows: outflows and convection.
Also electron ADAF (eADAF), with even dimmer luminosities, because even electrons are also
advective dominated.

The reason ADAFs are advection-dominated is that the accreting gas has a low density (because
of the low mass accretion rate) and the thermal structure of the plasma is two-temperature. Because
of the low density, very little of the heat energy in the ions gets transferred to the electrons through
Coulomb collisions. Since the ions hardly radiate at all, they retain their thermal energy and advect
essentially all of it to the center ("Why Do AGN Lighthouses Switch Off?").

3 Shakura-Sunyaev disk (SSD)

Assumptions
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Figure 1: Accretion models, from Yuan, Narayan 2014 [I].

e Assume a thin disk. Since H ~ ¢;/Qp, H/r ~ ¢s/vk. Thus, it presents a large Mach number
(in the azimuthal direction), vk /cs. Actually, v ~ v/r ~ a(H/r)cs (as explicitly checked
later). The orbital motion is highly supersonic while the accretion flow is highly subsonic.
Being thin H < r implies that it presents small pressure and is cold (¢s < vg). Thus,
v, Ccs L VK.

e Assume balance between viscosity heating and radiative cooling, g = ¢—. This condition is
not completely independent from the above one, since quq,/q+ ~ H/r, negligible for a thin
disk.

Since v, ¢s < vk, thus from Eq. we have Keplerian motion, 2 = Q. From Eq. using

the fact that Q = Qg we get ‘
M T
Y=—|1—4/— 1
Y 371'[ V 1"] (3:-1)

Note that M o« aX. Since g+ = q—, the radiative cooling is given by

. 1
0=muo" =V -F=vp(ro,Q)?*-0,F, = F= 51/2(7@9)2 (3.2)
and thus .
3GMM r
2Hq_ =2F =vSr? (9,0 = =——— |1 —,/= .
’ e 53)

and the flux (scholarpedia)

B 3GMM [1_ r*]

F=
8mr3 r



q- =V- F ~ F/H denotes the rate at which energy is emitted per unit area. One can define an
effective temperature as F' = O’Te ir

On the other hand, F = 3(VoT")/(pr) ~ LoT? /7, with 7 = kpH = Sk /2.

The luminosity is given by

= 277/ dz/ drrq_ 277/ dr v (8,9)? (3.5)
3GMM [* dx 1 1GMM
2 ( a:) 2y (3.6)

(e.g. Blaes 2002) If the Innermost Stable Circular Orbit (ISCO) radius is taken as r., risco = 3rg,
with rg = 2GM/c? the Schwarzschild radius, we get

L 1
:MCQZEN(H (3.7)

as states the classical result. Other choices of the radius lead to 1/6 or 1/16 instead. Note that
the above computation does not need to assume the v parameterization with a.
At large radii, v ~ M /37, v ~ %TU. When H ~r, v ~ acs.

4 ADAF
eADAF if M < MC eADAF =~ 0. 001a2MEdd, with MEdd = 1OLEdd/C

ADAF if Mc eADAF S M < Mc ADAF =~ 0. 1042MEdd
LHAF if MC LADAF < M < MC LHAF &= 0. 07aMEdd

5 Abramowicz et al. 1995

Following the work of Abramowicz et al. 1995. [4], see also Lasota 2015 [3].

M
Qadv - R2 g (51)
3
Q=N (5.2)
For optically thin, we employ only bremssthralung:
4\[ 2 T 1/2
q_ = 57 — 75 NeNOTCA fsMeC <m,602> (5.3)
or Q_ =2Hq_,
1
Q_ = AHp*T'/? = EAEQTl/QH_l, A=124x10"ergem™2s7! (5.4)
For optically thick,
8oT*
== 3Hr (5:5)



v=—-acsH

3
r=R/Rg
H\? c?
() -7
M = 2raX|v|R

Far enough from the inner part of the disk,
M
v = —
3m
v=2[|R
M = 2raXicsH

2
h = \@r?’/zaEmc—;
c

c2 1 m

2 V2r3/2 aXk

M 3
27TR2 s§ Q—i— - A - Q—
1 3 KT
2 .
m'———=-m-—Q_
VorarYy 4 @ 2GMec

5.1 Optically thin

3
em? = ——VraxXm — Bria (kX)?

2v2
with B = 22\ /m/mpyas, = 755 AP = 1.22 x 1074

Solve the above equation for m. Two limiting cases:

e ADAF limit.

Neglect radiation cooling, quqy =~ ¢+,

e SLE limit.

Neglect advective cooling, , ¢+ ~ q—,

1~ 2\fB7“3/2 (kX)?.

2

(5.6)

(5.7)

(5.8)

(5.10)

(5.11)

(5.12)
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(5.16)

(5.17)



Both solutions 7, merge at a critical maximum density

9 «

Dy =— 5.18
M 32 kBEr ( )
which implies a maximum accretion rate of
27 2 2
S ~35x 10— (5.19)

e = A B e
Equating the ADAF and SLE limits gives a 7 larger by a factor 4.
One should require that the Bondi accretion rate does not exceed the above maximum accretion
rate in the ADAF scenario

. GM)?
Mp = 27704)\poo(37) (5.20)
Cs,oo
or
) 1
mp — 5)\Oénb7ooUTCtB(M) (5.21)
In spherical accretion, A goes from ~ 0.1 to ~ 1 from v =5/3 to v = 1.
Using the disk expressions from above, one finds a similar expression
mB = )\CknbyooJTCtB(M) (5.22)
At a Bondi radius, Rg = GM/c2, tg = Rg/cs = GM/c, rg = Rp/Rs = c?/(2¢2),
. 27 e,
Mmaz,B = 64 B¢ (5.23)
mp S Mumag,p iMplies
4 2
c 27 «
R S === 5.24
ornechis () % 355 (5:29)
1K\? [/ M \? &2
5x10741+2)° (—) () > 51 5.25
e () () 82 o

Note that a proper evaluation of these models requires more complex physics. ADAF and SLE
require two temperatures for the ions and electrons.

5.2 Optically thick

For optically thick,
1607

T 3kRrY

(5.26)

Take kp = K.



6 Self-Similar Solution

Narayan, Yi 1994 [5]
It recovers SSD for f = 0, and applies to ADAF for f = 1.

5/3 —
€ =¢/f, e= / 17 (6.1)
3o
: pe— .2
5+2¢ K (62)
2¢
0~ 02 :
542 K (63)
2
2 2
o~ 51 2€/vK (6.4)
and v/cs = —%acs/vK
2
Ho~ ) —— 6.5
V5 +2¢” (6:5)
. YvVGM
AT — 6raXvGMr (6.6)
5+ 2¢
or, in dimensionless quantities,
3 by
= Vi (6.7)

m= et e V"

Note that it has the same dependences than Eq. differing only by a constant factor 5/2
(for e=0and £ =1).
m = Mcz/LEdd, = T/?“Sch, R = JT/mp

ArGMmyc
Lpaa = TG mye (6.5)
or
7 Slim disk
Luminosity can be approximated as [6]
L= 2L (1400 22 (7.1)
= 2LEdd 50 Lous :

see a derivation in [3]
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